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We consider heavy particles immersed in a Fermi sea of light fermions, and study the interaction
between the heavy particles induced by the surrounding light fermions. With the Born-Oppenheimer
method, we analytically show that the induced interaction between N heavy particles vanishes for
any N in the limit of high light-fermion density. The induced interaction vanishes even in the
unitarity regime. This suggests that the formation of N-body bound states associated with the
Efimov effect is suppressed in the presence of the dense Fermi sea. We ascribe the vanishing induced
interaction to the screening effect in the neutral Fermi system.
I. INTRODUCTION
Ultracold atoms offer an ideal playground to study few-
body and many-body physics in a controlled manner.
By fine-tuning the s-wave scattering length as between
atoms using a Feshbach resonance [1], three-body bound
states called Efimov states [2, 3] have recently been ob-
served through an enhanced atomic loss around the reso-
nantly interacting regime 1/as = 0 [4]. As for the many-
body physics, the BEC-BCS crossover and its universal
behavior around the resonant regime have been studied
both experimentally [5] and theoretically [6–8].
Polaron physics can also be studied with ultracold
atoms [9–11]. In systems with large population imbal-
ance, the minority atoms interact with the surrounding
majority atoms and form dressed atomic states called po-
laron states. The binding energy of the polaron state has
been measured by the radio frequency spectroscopy in
a two-component Fermi system, and the transition from
fermionic polarons to dimers has been observed as as
is varied [9]. While single-polaron properties have been
studied experimentally and found excellent agreement
with theoretical predictions [9, 12], the fundamental un-
derstanding of effective interactions between the polarons
is still lacking. The effective interactions between po-
larons are mediated by the surrounding fermions. This
is a non-trivial many-body process, especially when the
s-wave scattering length between the minority and ma-
jority atoms is resonantly large.
The effective interactions is closely related to the sta-
bility of the system. For a system of two heavy and one
light particles resonantly interacting with each other, the
effective interaction between the heavy particles medi-
ated by the light one is strongly attractive. Through this
attraction, the Efimov states may appear, rendering the
system unstable via the three-body loss [3]. When the
light fermions form the Fermi sea, on the other hand,
the effective interaction is numerically found to acquire
an additional repulsion, and the formation of the Efimov
states is suppressed [13, 14]. This suggests that the Fermi
sea tends to suppress the three-body loss. It is important
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to know under what condition such a suppression of the
Efimov effect may occur, and whether a similar suppres-
sion can occur against four-body bound states, five-body
bound states, etc.
In this paper, we study the effective interaction be-
tween polarons in a system of an arbitrary number
of heavy particles immersed in the Fermi sea of light
fermions. With the Born-Oppenheimer method, we ana-
lytically show that the effective interaction between the
heavy particles vanishes in the limit of high light-fermion
density. To be more specific, we prove the following the-
orem:
Theorem. Consider a mixture of N heavy particles with
mass M and light degenerate fermions with mass m.
The number of the light fermions is assumed to be so
large that the Fermi sea is formed and the grand canon-
ical ensemble can be applied to the light fermions. The
statistics of the heavy particles is arbitrary: identical
fermions, bosons, or distinguishable particles. The inter-
action between the heavy particles and the light fermions
is assumed to be a zero-range interaction with the s-
wave scattering length as [15]. The interaction between
the light fermions and that between the heavy parti-
cles are assumed to be non-interacting. Then, within
the Born-Oppenheimer method, the effective interac-
tion Veff(R1,R2, ...,RN ) between the N heavy parti-
cles positioned at (R1,R2, ...,RN ) mediated by the light
fermions vanishes in the limit of kF → +∞:
lim
kF→+∞
Veff(R1,R2, ...,RN ) = 0, (1)
where kF is the Fermi momentum of the light fermions.
In other words, the effective interaction between the
heavy polarons becomes small in the dense fermionic en-
vironment. Note that as can take on any value as long
as k−1F ≪ |as|, |Ri −Rj |, so that the theorem is also ap-
plicable to the unitarity limit 1/as = 0. This suggests
that the formation of the N -body bound states associ-
ated with the Efimov effect is suppressed for any N by a
dense Fermi sea.
We ascribe this vanishing effective interaction to the
screening in the neutral Fermi system. While the screen-
ing is a well-known phenomenon in the charged Fermi
system, for a neutral Fermi system, little analytical re-
sults have been obtained in the resonantly interacting
2regime kF |as| ≫ 1. The above theorem suggests that
the screening phenomenon occurs for the neutral Fermi
system, including the resonantly interacting regime.
This paper is organized as follows. In Sec. II, we de-
fine the effective interaction between the heavy particles
with the Born-Oppenheimer method, and prove the main
theorem. In Sec. III, we discuss the physical origin of the
vanishing interaction and non-adiabatic effects. In Sec.
IV, we conclude this paper.
II. MATHEMATICAL DESCRIPTION OF THE
EFFECTIVE INTERACTION
A. Definition of the effective interaction
We define the effective interaction between the heavy
particles Veff(R1,R2, ...,RN ) in the same manner as in
Refs. [13, 14]. With the Born-Oppenheimer approxi-
mation, we solve the Schro¨dinger equation for the light
fermions by regarding the heavy particles as fixed im-
purities, positioned at R1,R2, ...,RN . Then, the ob-
tained energy eigenvalue gives an effective interaction be-
tween the heavy particles. Since the light fermions are
assumed not to interact with each other, the solution of
the Schro¨dinger equation for the light fermions is given
by the Slater determinant ΨL(r1, r2, ...) = A
∏
i
ψ
(i)
R (ri),
where A is the antisymmetrizer, ri’s are the positions of
the i-th light fermions, and ψ
(i)
R ’s are the solutions of the
single-particle Schro¨dinger equation in the presence of
the impurity potentials located atR = (R1,R1, ...,RN ).
The energy eigenvalue for the light particle is the sum
of the single-particle eigenvalues εi(R) corresponding to
ψ
(i)
R : E(R) =
∑
i
εi(R). The effective interaction be-
tween the heavy particles induced by the light fermions
is obtained by subtracting the chemical potential of N
independent polarons:
Veff(R1,R2, ...,RN ) = E(R) − lim
|Rij |→∞
E(R), (2)
where lim
|Rij |→∞
means that all the heavy particles are far
apart from each other so that they may be regarded as
N independent polarons.
For N = 2 (i.e. two heavy particles immersed in the
light Fermi sea), Veff has been calculated and studied
numerically [13]. As the number of the heavy particles
increases, however, it becomes impractical to calculate
Veff numerically, since the effective interaction cannot be
written as a simple sum of two-body interactions, but
rather it includes all the three-body, four-body, ..., and
N -body interactions. To circumvent this difficulty, we
use a formal scattering theory to investigate Veff .
B. Proof of the theorem
To evaluate the effective interaction, we need the en-
ergy eigenvalues of the single-particle Schro¨dinger equa-
tion εi(R) under the impurity potentials positioned at
R1,R2, ...,RN . The total energy is the sum of the con-
tributions from the continuum states (εi ≥ 0) and the
bound states (εi < 0):
E(R) =
∑
εi≥0
εi(R) +
∑
εi<0
εi(R). (3)
To evaluate the continuum part, we consider the scatter-
ing problem under the impurity potentials. Let us define
the scattering phase shifts δn(k) as eigenvalues of the S-
matrix S(k) [16]:
S(k)vn(k) = e
2iδn(k)vn(k). (4)
We first show that the continuum part of the effective in-
teraction is related to the scattering phase shifts through
the following lemma:
Lemma (generalized Fumi theorem)
Veff(R1,R2, ...,RN ) = V
cont
eff (R) + V
BS
eff (R), (5)
where V conteff (R) and V
BS
eff (R) are the continuum and
bound-state contributions, respectively, which are given
by
V conteff (R) = −
1
pim
∑
n
∫ kF
0
kdkδn(k), (6)
V BSeff (R) =
∑
εi<0
[
εi(R) − lim
|Rij |→∞
εi(R)
]
. (7)
For the case of a single impurity (N = 1) in the absence
of bound states, this lemma reduces to the Fumi theo-
rem [17].
Proof of lemma. We use the Friedel sum rule [16, 18,
19]
NI −N0 =
1
pi
∑
n
δn(kF ), (8)
where kF is the Fermi momentum of the light fermions,
andNI andN0 are the numbers of the light fermions eval-
uated by the grand canonical ensemble with and with-
out the impurity potential, respectively. For a central
potential, the index n represents the angular momen-
tum quantum number (l,ml), and we recover the original
Friedel sum rule. While the Friedel sum rule was orig-
inally proved for an ideal Fermi gas interacting with a
central impurity potential [18], it was subsequently gen-
eralized for an interacting system [19] and also for a non-
central potential [16]. The impurity potential produced
by N heavy particles, in general, is a non-central poten-
tial. Even in such a case, the Friedel sum rule remains
valid [16].
3Using the Friedel sum rule, we can prove the gener-
alized Fumi theorem. We recall that the number of the
light fermions is related to the thermodynamic function
Ω of the light fermions through the thermodynamic rela-
tion
(
∂Ω
∂µ
)
T,V
= −N . By integrating this relation with
respect to the chemical potential for systems with and
without the impurity potentials and using the Friedel’s
sum rule, we obtain
ΩI − Ω0 = −
∫
µ≥0
(NI −N0)dµ−
∫
µ<0
(NI −N0)dµ,
= −
1
pim
∑
n
∫ kF
0
kdkδn(k)−
∫
µ<0
NIdµ,
(9)
where ΩI and Ω0 are the thermodynamic function with
and without the impurity potentials, respectively. In de-
riving the second equality, we use N0 = 0 for µ < 0: there
is no bound state in the absence of any potential. Be-
cause the light fermions are non-interacting, we can put
µI ≈ µ0 ≈
k2F
2m
in Eq. (9). In fact, the shift in the energy
level induced by the impurity potential is of the order of
V −
1
3 , where V is the volume of the system, and the shift
is negligible in the thermodynamic limit. Substituting
NI =
∑
i
Θ(µ − εi(R)), where Θ is the Heaviside step
function, the second term in the second line of Eq. (9)
can be evaluated as∫
µ<0
NIdµ = −
∑
εi<0
εi(R) (10)
The thermodynamic function of the light particles may
be regarded as an effective interaction between the heavy
particles, and we obtain
E(R) = −
1
pim
∑
n
∫ kF
0
kdkδn(k) + V
BS
eff (R) + Const.
(11)
We thus obtain Eq. (5).
Proof of the theorem. Using the lemma, we can prove
the main theorem. We first use the following relation
between the phase shifts and the Fredholm determinant
D(k) [16]:
∑
n
δn(k) = −
k
4pi
∫
dxUR(x) +
i
2
log
[
D(k)
D∗(k)
]
, (12)
where UR is the sum of the impurity potentials produced
by the heavy particles. The Fredholm determinant is
defined from the kernel matrix K(k) of the Lippmann-
Schwinger equation asD(k) = det[1−λK(k)]λ=1, and has
the following properties for a short-ranged, non-central
potential [16]:
1. D(k) is well-defined and analytic for Imk ≥ 0;
2. lim|k|→∞D(k) = 1 for Imk ≥ 0;
3. For a real k, D∗(k) = D(−k);
4. The zero of D(k = iκ) = 0 in the upper-half com-
plex k-plane has a one-to-one correspondence with
a bound state with its energy ε = − κ
2
2m ;
5. The zero of D(k) can appear either on a positive
imaginary plane, or at the origin k = 0 for a short-
range potential.
Substituting Eq. (12) into V conteff and differentiating
both sides with respect to Ri, we find
∇RiV
cont
eff = −
i
2pim
∫ kF
0
kdk∇Ri log
[
D(k)
D∗(k)
]
= −
i
2pim
∫ kF
−kF
kdk
∇RiD(k)
D(k)
.
(13)
In deriving the second equality, we have used the prop-
erty 3 to transform the integration of D∗(k) into that of
D(k) along the negative real axis. Now, let us take the
limit kF → +∞. The properties 2 and 3 ensure that
there is a well-defined limit for Eq. (13). Furthermore,
the properties 1-3 also justify the change of the integra-
tion contour into paths Cj ’s encircling the zeros of D(k):
∇RiV
cont
eff = −
i
2pim
∑
j
∫
Cj
kdk
∇RiD(k)
D(k)
. (14)
Close to the zero point of k ≈ iκj , we can put D(k) =
αj(k−iκj)+O((k−iκj)
2) if the bound state is not degen-
erate [16]. Substituting this into Eq. (14) and performing
the integration, we obtain
∇RiV
cont
eff = ∇Ri
∑
j
κ2j
2m
= −∇RiV
BS
eff (R).
(15)
When the bound states are n-fold degenerate, D(k) be-
haves as D(k) ≈ α(k − iκj)
n + O((k − iκj)
n+1) [16].
Even with such a degeneracy, we can derive Eq. (15) from
Eq. (14), and the above result remains valid. Thus, the
continuum contribution exactly cancels the bound-state
one, and the effective interaction vanishes.
III. PHYSICAL ORIGIN OF THE VANISHING
EFFECTIVE INTERACTION AND
NON-ADIABATIC EFFECTS
The vanishing effective interaction is closely related to
the behavior of the density variation caused by the impu-
rities. To see this point, let us consider a single impurity
immersed in the light Fermi sea. The density variation
∆ρ(r) induced by the impurity can be expressed as the
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FIG. 1. (Color online) Density variations induced by a single
impurity for (a) as < 0, and (b) as > 0. In (a), ∆ρ(r) is
shown for kFas = −10 (red dashed curve) and kF as = −30
(blue solid curve). In (b), ∆ρc(r) is shown for kF as = 10 (red
dashed curve) and kF as = 30 (blue solid curve). The black
dotted curve represents −∆ρB(r). The inset shows the total
density variation ∆ρ(r) = ∆ρB(r) +∆ρc(r).
sum of the bound-state and continuum-state contribu-
tions ∆ρ(r) = ∆ρB(r) + ∆ρc(r), where
∆ρB(r) =
1
2pir2
θ(as)
e−
2r
as
as
,
∆ρc(r) =
1
2pi2r2
∫ kF
0
dk[sin2(kr + δ0(k))− sin
2 kr],
(16)
and δ0(k) is the s-wave phase shift induced by the impu-
rity: tan δ0(k) = −kas. In Fig. 1, we show ∆ρ(r)’s for
several values of kFas. For as < 0 (Fig. 1 (a)), there is
no bound state and ∆ρB(r) = 0. The density variation
reflects the Friedel oscillations characterized by kF . As
kF increases, the oscillations become faster, but the am-
plitude remains the same. For as > 0 (Fig. 1 (b)), ∆ρ(r)
is the sum of ∆ρB(r) and ∆ρc(r). We note that ∆ρc(r)
follows the −∆ρB(r) curve on average, so that the con-
tinuum states screen the bound-state contribution. Due
to this screening effect, ∆ρ(r) undergoes fast oscillations
around the zero on both positive and negative sides of as.
Thus, the interaction between the impurities mediated by
the density fluctuation should become weaker as kF in-
creases regardless of the value of the s-wave scattering
length or the distance between the heavy particles.
The screening in the neutral Fermi system is qualita-
tively different from that in the charged Fermi system.
In the former case, the induced interaction vanishes due
to the cancellation of the bound-state contribution by
the continuum one. If we add the Hamiltonian with a
direct heavy-heavy interaction, the direct interaction is
not screened and the effective interaction between the
heavy particles remains finite. On the other hand, in the
charged Fermi system, the direct interaction between the
heavy particles is canceled by the induced one.
For the effective interaction between two heavy par-
ticles (N = 2), the exact cancellation of the effective
interaction can also be shown by explicit calculation of
the subleading contribution to the effective interaction at
large density. When kF is large, one can show that Veff
behaves as
Veff(r) =−
cos 2kF r
2pimkF r3
−
sin 2kF r
4pimk2F r
4
+
sin 2kF r
pimr3k2Fas
+
1
m
O
(
1
k3Fasr
4
,
1
k3F a
3
sr
2
,
1
k3Fa
5
s
, ...
)
.
(17)
The effective interaction is suppressed by a factor of k−1F ,
and becomes small as kF increases.
Our theorem suggests that the formation of the N -
body bound states associated with the Efimov effect is
suppressed for any number of heavy particles by the dense
Fermi sea. For two heavy particles N = 2, the sup-
pression of the Efimov effect was numerically found in
Ref. [14]. Our work presents a more general argument,
which is applicable for arbitrary number of heavy par-
ticles. Since the appearance of the Efimov associated
bound states is closely related to the loss processes in ul-
tracold atom experiments, this implies that the N -body
losses in a resonantly interacting heavy-light mixture may
be suppressed by the Fermi sea effects for any N .
The non-adiabatic effects beyond the Born-
Oppenheimer method need to be considered in discussing
the dynamics of the polarons. For systems with moder-
ate mass imbalance, such as a 40K-6Li mixture [11], the
Born-Oppenheimer approach fails. Even for mixtures
with extreme mass imbalance recently realized, such
as 133Cs-6Li [20] or 173Yb-6Li [21], the non-adiabatic
corrections may affect the dynamics significantly. The
dynamics of a single heavy particle in a fermionic
environment has been studied in the absorption spectra
of X-ray [22] or the muon diffusion [23] in metals. It has
been found that the motion of heavy particles create
particle-hole excitations in the Fermi sea, which leads
to dissipation [24]. It has also been suggested that the
non-adiabatic effects can create non-trivial correlation
between heavy particles [25]. Our theorem suggests
that in the presence of a dense Fermi sea, the adiabatic
contribution becomes so small that the dynamics of the
polarons is governed by the non-adiabatic contributions.
Whether such non-adiabatic corrections remain signifi-
cant or become negligibly small in the high-density limit
remains to be clarified..
IV. CONCLUSION
With the Born-Oppenheimer method, we have proved
that the effective interaction between an arbitrary num-
ber of heavy polarons mediated by light fermions vanishes
in the limit of high fermion density. Our theorem holds
for any value of the s-wave scattering length including
the unitarity regime. We ascribe the vanishing effective
interaction to the screening effect in the neutral Fermi
system. Our work suggests that the N -body Efimov ef-
fect is suppressed in the presence of a sufficiently dense
Fermi sea of light particles. This implies that the N -body
loss processes may be suppressed by a dense Fermi sea.
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